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Abstract 
A generalized balanced tournament design, GBTD(n,k), defined on a kn-set V, is an 
arrangement of the blocks of a (kn, k, k - l)-BIBD defined on V into an n x (kn- 1) array such 
that (1) every element of V is contained in precisely one cell of each column, and (2) every 
element of V is contained in at most k cells of each row. In this paper, we describe several 
constructions, both direct and recursive, for generalized balanced tournament designs. We 
include special cases of these constructions which can be used to produce factored and 
partitioned generalized balanced tournament designs. 
1. Introduction 
A generalized balanced tournament design, GBTD(n, k), defined on a kn-set V, is an 
arrangement of the blocks of a (kn, k, k - l)-BIBD defined on V into an n x (kn - 1) 
array such that 
(1) every element of V is contained in precisely one cell of each column, and 
(2) every element of I/ is contained in at most k cells of each row. 
This generalizes the idea of a balanced tournament design and we note that 
a GBTD(n,2) is a BTD(n) [16]. 
A simple but very important observation is stated in the next lemma. 
Lemma 1.1. Every element of a GBTD(n, k) is contained k times in (n- 1) rows and 
(k- 1) times in the remaining row. 
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129 349 569 145 357 178 238 267 
357 167 138 236 468 245 749 589 
468 258 247 789 129 369 165 134 
Fig. 1. A GBTD(3,3) 
FGJ EIL DHh’ FHL EGK DIJ FIK DGL EHJ ABC ABC 
AIL CHh- CIJ BGJ BHL AGK AHJ BIK CGL DEF DEF 
I BEK BFJ AEL CDK ADJ CFL BDL CEF AFK GHI GHI 
CDH ADG BFG AEI CFI BEH CEG AFH BDI JKL JKL 
Fig. 2. A GBTD(4,3) with Property C. 
Let G be a GBTD(n, k). An element which is contained in only k - 1 cells of row i of 
G is called a deficient element of row i. It is easily seen that each row of G contains 
exactly k deficient elements. These elements are called the deficient k-tuple of row i. 
The deficient element of row i need not occur in a common block of row i. 
Lemma 1.2. The dejcient k-tuples of G partition the set V into n k-tuples. 
We illustrate these definitions by displaying a GBTD(3,3) in Fig. 1. The deficient 
triples of rows 1, 2, and 3 are, respectively, {4,6, S}, { 1,2,9}, and {3,5,7}. 
Let C=(C1,Cz, . ..) C,)T where Ci, 1 <i < n, is the deficient k-tuple of row i of G. If 
C occurs as a column in G k - 1 times, G is said to have Property C. The GBTD(3,3) 
displayed in Fig. 1 does not have Property C. A GBTD(4,3) with Property C is 
displayed in Fig. 2. 
In this paper, we describe several constructions for GBTDs. The recursive construc- 
tions often require GBTDs with additional structure. In particular, Property C is 
needed for direct product constructions. We are interested in two other special types 
of GBTDs - factored GBTDs and partitioned GBTDs. These designs also play an 
important role in recursive constructions. 
Let G be a GBTD(n, k) defined on V, and let C =(C, , CZ, . . . , CJT where Ci, 1 d i d n, 
is the deficient k-tuple of row i of G. Suppose the blocks in row i of G v Ci can be 
partitioned into k sets of n blocks each, Fii, Fiz, . . . , Fik, so that every element of 
V occurs precisely once in F, forj = 1,2, . . . , k. If every row of G has this property, then 
G is called a factored generalized balanced tournament design and is denoted by 
FGBTD(n, k). 
We will call Fi,, Fi2, . . . . Fik the factors of row i. The”GBTD(4,3) displayed in 
Fig. 2 is factored; the factors are listed in Table 1. We note that if a FGBTD(n, k) also 
has Property C, then CiEFij for j= 1,2,. . . , k and i= 1,2, . . . , n. 
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Table 1 
Factors for the FGBTD(4,3) displayed in Fig. 2 
Row 1: ABC FGJ 
ABC FHL 
ABC FIK 
Row 2: DEF BIK 
DEF AIL 
DEF CIJ 
Row 3: GHI BEK 
GHI BFJ 
GHI BDL 



























Let G be a GBTD(n, k) defined on V. Suppose we can partition the columns of 
G into k+l sets B,,B,,...,B,+, where JBil=n for i=1,2,...,k-2, IBil=n-l for 
i=k-1,k and IBk+ll=l such that 
(1) every element of V occurs precisely once in each row and column of Bi for 
i=l2 , ,..., k-2, and 
(2) every element of I’ occurs precisely once in each row and column of Bi u Bk + I 
for i=k-1 and i=k. 
Then the GBTD(n, k), G, is called partitioned and we denote the design by 
PGBTD(n, k). Let C=(C1,Cz, . . . . CJT where Ci, 1~ i < n, is the deficient k-tuple of 
row i of G. It is clear that if G is partitioned then B k + 1 = C. If G is partitioned and has 
Property C, then each of the n x n arrays, B1 , Bz, . . . , B,_ z, will contain a copy of C as 
a column. We illustrate this definition by displaying a PGBTD(8,3) in Fig. 3. This 
design also has Property C. 
The existence of BTD(n)s or GBTD(n,2)s was established in 1977 [16]: there exists 
a GBTD(n, 2) for n a positive integer, n 22. Balanced tournament designs with 
additional structure have been investigated extensively in the past few years. These 
designs have become of interest recently because of their relationships to other types 
of combinatorial designs. Results on factored BTDs, partitioned BTDs, BTDs with 
almost orthogonal resolutions and odd BTDs with orthogonal resolutions can be 
found in [l&15]. The following existence results have been established for factored 
and partitioned BTDs. 
Theorem 1.3 (Lamken and Vanstone [lo]). Th ere exists a FGBTD(q2) for n a 
positive integer, n # 2. 
Theorem 1.4 (Lamken [3] and Lamken and Vanstone [11-131). There exists 
a PGBTD(n,2) for n a positive integer and n>5, except possibly for 
nE{9,11,15,26,28,34,44}. 
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Fig. 3. The array [B, B2 B3 B4] is a PGBTD(8,3). 
In the first paper of this series [4], we introduced generalized balanced tournament 
designs and described connections between these designs and several other types of 
combinatorial designs. Of particular interest to us are the connections between 
GBTDs and resolvable and doubly resolvable BIBDs. We showed that GBTDs can be 
used to construct resolvable, near resolvable and doubly resolvable BIBDs. We also 
established the following equivalence between GBTDs and doubly resolvable 
(nk, k, k - l)-BIBDs in [4]. 
Theorem 1.5 (Lamken [4]). There exists a PGBTD(n, k) if and only if there exists 
a KS,(nk; 1, k- 1) in diagonal form. 
These constructions together with existence results for GBTDs can be used to 
produce several new infinite classes of resolvable, near resolvable and doubly resolv- 
able BIBDs [4,5,9]. 
The purpose of this paper is to provide both direct and recursive constructions for 
GBTD(n, k)s. The remaining papers in the series [7-91 are devoted to existence results 
for GBTD(n, k)s with k > 3. In particular, we determine the spectrum of GBTD(n, 3)s 
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FGBTD(n,3)s, and PGBTD(q3)s with, at present, a small number of possible 
exceptions for n for FGBTDs and PGBTDs [8,9]. (Results and constructions for near 
GBTDs can be found in [7].) 
The next section contains direct constructions for GBTDs. Included in this section 
are starter-adder constructions and constructions which use resolvable transversal 
designs. The recursive constructions can be divided into two general types - 
product constructions and frame constructions. Many of these constructions are 
generalizations of constructions used for partitioned balanced tournament designs 
(PGBTD(n, 2)s). The product constructions are described in Section 3, and the frame 
constructions are described in Section 4. 
2. Direct constructions 
A starter-adder construction for balanced tournament designs is described in [lS]. 
This construction can be generalized to provide a starter-adder construction 
for generalized balanced tournament designs. We first define a starter for 
a GBTD(n + 1, k). 
Let m=n-k+l. Let Bi={ai,~~i,yiz ,..., ~i,k_r$ for i=l,2 ,..., k and let 
Bi+k = {xii, xiz, . . , xik} for i = 1,2, . . . , m where lJl_‘t Bi = Z&k u { CC 1, mz, . . . , COG}. We 
define the sets of differences for the blocks as follows: 
di={yil-_ijI 1<1,j<k-I, I#j} for i=l,2,...,k, 
di+,={xi,-x,11~1,jdk, I#j] for i=l,2,...,m. 
Let D,={O,n,2n ,..., (k-l)n}, and define Di=Do+i for i=O,l,..., n-l. 
S={Br,B,,...,B,+,} is a starter for a GBTD(nfl,k) defined on 
&kU{=i, WZ, . . . . ~0~) if U;z: di=(k- 1)(&,--D,). Note that if k =2, S is a starter 
for a Howell design of side 2n and order 2n+2, an H(2n, 2n+2) [l]. 
Let S’=S-B,+i. A set A=(ar,a, ,..., a,) of n distinct elements of Znk is called an 
adder for S if lJy= 1 (Bi +ai) contains at most k elements (not necessarily distinct) from 
Dj forj=O, 1,2, . . ..n- 1 and ai$uj(modn) for i#j. 
Theorem 2.1. If there exists a starter S for a GBTD(n+ 1, k) deJned on 
Znku{~1,a2,..., ~0~1 and u corresponding udder A for S, then there is 
a GBTD(n + 1, k). 
Proof. We construct an (n+l)x(nk+k-1) array G defined on 
&lkUf~1, az>...> xk} as follows. Label the rows of G 0, 1,2, . . . , n and the columns 
of G 0,1,2 ,..., nk+k-2. For i=l,2 ,..., n, j=O,1,2 ,..., n-l and 1=0,1,..., k-l, 
place Bi+ui + In +j in cell (j, ui+ In +j) where the second argument is taken 
modulo kn. In row n and column j place B,+ r +j for j= 0, 1,2, . . . , nk- 1. 
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The adder A is defined so that the elements in 
can be partitioned into k sets (not necessarily distinct) Dil)Di2) . . ..Dik. In column 
nk-1+1androwj,placeDi,+jfor1=1,2,...,k-1andj=0,1,2,...,n-1.Incolumn 
nk-l+Iandrown,place{a,,oo, ,..., cck}for1=1,2 ,..., k-l. 
The resulting array G is a GBTD(n+l,k) defined on Znku(~l,coZ,...,~k}. 
The first column of G contains the starter S. Column j of G contains S+j for 
j=O, 1,2 3 . . . . nk-1. Column j of G contains UyLJ D~~{cO~~cO~~~~~~oO~} f r 
j=nk,nk+l, . . . . nk + k-2. Thus, each column of G contains every element of 
~“kU(~1, @J2> . ..> cok} precisely once. The adder A is defined so that every element of 
~“kU{~1,@J2, . ..> cok} occurs at most k times in each row of G. The deficient k-tuples 
are {Oi,+jIj=O,1,2 ,..., FZ-l}U(COl,CCz ,..., KIk}. 
The blocks {S+j~j=0,1,2,...,kn-1}v(k-1){Di~i=0,1,...,n-1}u(k-1) 
{ col,@J2, ..a, cok} form the blocks of an ((n + 1) k, k, k - l)-BIBD defined on 
&U{~r,cfJ2, ‘.., Q}. 
Thus, we have verified that G is a GBTD(n + 1, k). 0 
We illustrate this construction for k= 3 and n=4. A starter for a GBTD(5,3) 
defined on Z,2u{co1, co2, . . . . ~0s) is 
A corresponding adder A is (2,5,11,0). The GBTD(53) constructed using S and A is 
displayed in Fig. 4. 
It is easy to modify Theorem 2.1 to produce GBTDs with Property C. 
234 00~ 2 a 00~ a ii 003 112 678 co2 6 0 001 0 3 
00~ a 11 345 co2 3 9 cq 9 0 003 0 3 789 co2 7 1 
co1 6 9 m3 9 0 456 Qo2 4 10 cq 10 1 003 14 a 9 IO 
002 17 00, 7 10 003 10 1 567 002 5 11 Co1112 033 2 5 
0 5 10 16 11 270 381 492 5 10 3 6 114 
A 
003 3 6 10 11 0 bo* 104 0014 7 003 7 10 159 159 
co, 14 003 4 7 11 0 1 c0-J 115 00, 5 8 26 10 2 6 10 
co* 8 2 0012 5 003 5 8 012 ~02 0 6 37 11 3 7 11 
9 10 11 co2 9 3 00, 3 6 003 6 9 123 480 480 
705 816 927 10 3 8 11 4 9 ml 002 003 MI 002 003 
B 
Fig. 4. The array [A B] is a GBTD(5,3). 
E.R. Lumken / Discrete Mathematics 131 (1994) 127-151 133 
Corollary 2.2. Suppose there exists a starter S and a corresponding adder A for 
a GBTD(n+l,k) dejned on Z,~U(%I, ~2, . . . . ok>. If (Uy=l (Bi+ai))nDj=Q) for 
some j, then there is a GBTD(n+ 1, k) with Property C. 
Proof. The last k- 1 columns and the column of deficient k-tuples for the 
GBTD(n+l, k) contain Dj+i in row i, O<i<n-1, and {KI~,,~,..., cokj in 
row n. 0 
The GBTD(5,3) in Fig. 4 has Property C; 
and Dj=D,={1,5,9). 
Theorem 2.1 can also be used to produce FGBTDs. The first construction for 
FGBTDs requires that we look at the entire set of blocks in the first row and the first 
nk columns. 
Corollary 2.3. Suppose there exists a starter S and a corresponding adder A jbr 
a GBTD(n+l,k)d&zed on Znk~{~~Cil,,~z,...,~k) with the following properties: 
(i) A n+In{0,k,2k ,..., (n-l)k)=Q). 
(ii) The nk blocks UT=1 {Bi+ai+jnIj=O, 1,2, . . . . k - 1) can be partitioned into k sets 
qfn blocks each, F,,F?, . . . . Fk, so that every element in 7&u {cc,, ‘x2, . . ., m3f) occurs 
precisely once in Flu Di, for I= 1,2, . . . , k. 
Then there is a FGBTD(n+ 1, k). 
Proof. The factors of row j, 06 j < n, are {F, +j) u {Dil +j) for l= 1,2, . .., k. For 
O<i<k, the blocks in columns i+jk for j=0,1,2,...,n-1 together with 
{ ar, a2, . . . . mk] form factor Fi+l for the last row of G. q 
It is usually easier to construct a FGBTD with Property C. 
Corollary 2.4. Suppose there exists a starter S and a corresponding adder A ,for 
a GBTD(n+l,k) dejined on &ku{~I,~2 ,..., mk) with the following properties: 
6) A n+In(0,k,2k ,..., (n-l)k)=0. 
(ii) Uf= 1 (Bi + a;) = &,k - Dj for some j. 
Then there exists a FGBTD(n + 1, k) with Property C. 
Proof. The factors F 1, F,, . . . , Fk of row t of G for 0 d t d n - 1 are defined as follows 
(Odsdk- 1): 
F s+I=iQI (Bi+ai+sn+t)U(Dj+t). 
The factors of row n are the same as in the previous construction. 0 
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Table 2 
A starter and adder for a PGBTD(8,3) 
S 013 8 14 19 6 10 15 13 16 17 
A 0 6 3 15 
S 1511 p 7 20 y 918 2 412 
A 12 9 18 
The GBTD(5,3) in Fig. 4 is also factored. The starter and adder used to construct it 
satisfy the additional properties listed in Corollary 2.4. 
Finally, we modify Theorem 2.1 to produce a starter-adder construction for 
PGBTD(n + 1, k). 
Corollary 2.5. Suppose there exists a starter S and a corresponding adder A for 
a GBTD(n+l,k) dejined on Znku{~1,a2,..., ~0~) with the following properties: 
(9 Anfl n{O,k,2k ,..., (n-l)k}=@ 
(ii) A= (0, k, 2k, . . . . (n- 1)k). 
(iii) U~=l(Bi+ai)nDj=OfOr somej. 
Then there is a PGBTD(n + 1, k) with Property C. 
Proof. Let Gi denote column i of G and let C denote the column of deficient k-tuples of 
G. (By (iii), G has Property C.) The partitioning of G is given by 
{Gi,Gi+k,Gi+Zk 3.1.) Gi+(n_i)k,C} for i=O,l,..., k-l. 0 
The smallest example of a PGBTD(n+ 1,3) which can be constructed using 
Corollary 2.5 is for n = 7. A starter S and a corresponding adder A for a PGBTD(8,3) 
are listed in Table 2; the PGBTD(8,3) is displayed in Fig. 3. Further examples of the 
starter-adder construction can be found in [8-13,151. 
Intransitive starters and adders can also be used to construct generalized balanced 
tournament designs. We will define an intransitive starter over Znk for a 
GBTD(n +m, k) written on the symbol set i&u { ai 1 i= 1,2, . . ., mk). In order to 
describe the intransitive starter, we need some additional notation. Suppose nbmk. 
Define 
Bi={cOi~Yil~Yi2~ . . . . Yi,k_l} for i=l,2 ,..., mk, 
Bi={Xil~xiZ~~~~~Xik} for i=mk+l,mk+2 ,..., n, 
Rj={Ujl,Uj2 )...) Ujk} forj=1,2 ,..., m, 
Cj={Djl,Uj* ,...) Ujk} forj=1,2 ,..., m-l. 
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We define the sets of differences for Bi, Ri, and Ci as follows: 
(1) d(Bi)={yil-yijI ldI,j<k-1, I#j} if ldidmk 
(2) d(Bi)={Xil-XijI l</,j<k, l#j} if mk+ldi<n, 
(3) d(Ri)={Uil-UijI I<I,j<k, I#j} for i=l,Z..-,m, 
(4) ~(c~)={Q-u~~[ 1 <l,j<k, l#j} for i= 1,2, . . ..m-1. 
An intransitive starter for a GBTD(n + m, k) defined on &k u {CO I, 002, . . . , arnk > 
is a triple (S,R,C) where S={BiJi=1,2,...,n}, R=(RjJj=l,2,...,m} and 
C = { Cj lj= 1,2, . . . , m - l} satisfying the following properties: 
(1) u B=&&u{@)1, WZ, . ..> Qlk}. 
BESUR 
(2) Let D,, = (0, n, 2n, . . . , (k - l)n}. 
b d(Bi)u fi d(Rj)UmG1 d(Cj)=k(Z,k-Do). 
i=l j= 1 j=l 
(3) (n,k)=l and d(Ci)n{O,k,2k )...) (a-l)k}=@ for i=l,2,...,m-I. 
Let A=(a,,a,, . . . . a,) be a complete set of coset representatives of the subgroup 
(0, n, 2n, . . . , (k - l)n} in Znk, A IS called an adder for the intransitive starter (S, R, C) if 
*u’( Ic, 
m-1 
Bi+Ui+InU U Cj+ltl 
I=0 i=l j=l > 
is equal to the multiset 
where Dj=De+j, 0~ jdn-1. 
Theorem 2.6. If there is an intransitive starter (S, R, C) over &k for a GBTD(n + m, k) 
and a corresponding adder, then there is a GBTD(n + m, k) which is missing as a subar- 
ray a GBTD(m, k). Zf there exists a GBTD(m, k), then there exists a GBTD(n + m, k). 
Proof. We first construct an n x nk array G1 using S and the adder A. Label the rows 
of G1 0,1,2 ,..., n-l and the columns of G1 0,1,2 ,..., nk-1. For i=l,2 ,..., n, 
j=O,l,2 ,..., n-l and l=O,1,2 ,..., k- 1, place Bi+ai+ln+j in cell (j, Ui+ln+j) 
where the second argument is taken modulo kn. 
Next we add m rows to G,; label these rows n,n+l,...,n+m-1. In row n+i and 
column j, place the block Ri+l +j (O<i<m-l,O< jdnk-1). Call the resulting 
(n + m) x (nk- 1) array Gz. We will use the Cis to construct an n x (m- 1)k array. The 
set %?:={Ci+jlj=O, l,..., nk- l} contains nk blocks of size k. We partition this set 
into k sets of n blocks each: %f=UfZi Ci where C{={Ci+j+IklI=O,l,...,n-1). 
Construct an n x k array Gi3 from the blocks in %?T as follows. Label the columns of 
Gi3 0,1,2, ...) k- 1 and the rows 0, 1,2, . . . , n- 1. Column j of Gi3 will contain the 
blocks in C{. ROW 1 of Gi3 will contain the blocks Ci+ 1 +sn, for s =O, 1,2, . . ., k- 1. 
Since (n,k)= 1, row 1 will contain precisely one block from each set C{. Note that 
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column j of Gi, contains every element of Znk precisely once. Let 
G3=[Gi3 Gz3...G,_,,,]; G3 is an II x (m- 1)k array. 
We now use the blocks Dil, Diz, . . . . Di,_ 1 to construct an n x (k- 1) array, G4. Label 
the rows of G, 0, 1,2, . . . . n- 1 and the columns of G, il, i,, . . . . ik_ 1. In row 1 and 
column ij, place Di,+l. 
Finally, we use G,, G3 and G4 to construct an (n + m) x (n x m)k - 1 array G,. 
G5= G2 G3 G )n 
E >m 
where the array E is an m x mk- 1 empty array. If there exists a GBTD(m, k), 
replace E by a GBTD(m,k) defined on (coi, co*, . . . . CX),k). Call the resulting array 
G. Using the definitions of the intransitive starter (S, R, C) and the corresponding 
adder, it is straight forward to verify that G is a GBTD(m+ n, k) defined on 
&,ku{~l,~z,...,q,,k} and that G, is a GBTD(n+m,k) defined on 
&u{a1,..., CO,~} which is missing as a subarray a GBTD(m, k) defined on 
Cm I,..., %k). q 
As in the case of Theorem 2.1, this construction can be modified to produce designs 
with additional structure. We first note that if Di, =Di2 = .a. =Dik and the GBTD(m, k) 
has Property C, then the resulting design has Property C. The following corollary to 
Theorem 2.6 describes how to use intransitive starters and adders to construct 
a FGBTD(n +m, k) with Property C. 
Corollary 2.7. Suppose there exists an intransitive starter (S, R, C) and a corresponding 
adder for a GBTD(n+m, k) defined on &,ku {aI, coz, . . . . a,,&} with the following 
properties: 
(i) d(Rj)n{O,k,2k ,..., (n-l)k}=@forj=1,2 ,..., m. 
(ii) Uf=r (Bi+ai)UU~~~’ Ci=Z&U(C0~,00~, . . . . oO,k}-DjfOU some j. 
Then there exists a FGBTD(n + m, k) with Property C which is missing as a subarray 
a GBTD(m, k). Zf there exists a FGBTD(m, k) with Property C, then there exists an 
FGBTD(n + m, k) with Property C. 
The next corollary describes the additional properties necessary to use intrasitive 
starters and adders to construct PGBTDs. 
Corollary 2.8. Suppose there exists an intransitive starter (S, C, R) and a corresponding 
adder for a GBTD(n+m,k) dejined on &,ku{al, co2, . . . . a&} with the following 
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I m.11 I 1 5 jcq13I 4”lO 17121 
RIm.sllI 02 IlSIlO3i 
I I 
Fig. 5. The array [C, C,] is a PGBTD(9,2) which is missing a PGBTD(2,2). 
properties: 
(i) d(Rj)n{O,k,2k ,..., (n-l)kj=Oforj=1,2 ,..., m. 
(ii) A={O,k,2k ,..., (n-l)k}. 
(iii) uy=i (Bi+Ui)UU~~~’ Ci=~nkU{~~,...,CO,~}--jfOT some j. 
Then there exists a PGBTD(n + m, k) which is missing as a subarray a GBTD(m, k). If 
there exists a PGBTD(m, k), then there exists a PGBTD(n+m, k). 
To illustrate this construction a PGBTD(9,2) which is missing as a subarray 
a PGBTD(2,2) is displayed in Fig. 5. (The arrays C1 and C2 display the partitions 
of the design.) Since a PGBTD(n,2) can be used to construct a maximum 
empty subarray Room square of side 2n- 1 [17], Corollary 2.8 provides the 
first algebraic construction for Room squares which are missing as subarrays 
Room squares [2]. In general, using Theorem 1.5 and Corollary 2.8, we can 
construct Kirkman squares which are missing as subarrays smaller Kirkman 
squares. 
The last construction in this section uses resolvable transversal designs of 
side k + 1 (RTD(k, k + 1)s) to produce FGBTDs. The proof of this result appears 
in [S]. 
Theorem 2.9 (Lamken [S]). Let k+ 1 be a prime power. Then there exists 
a FGBTD(k + 1, k) with Property C. 
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3. Product constructions 
In this section, we describe several product constructions for generalized balanced 
tournament designs. The first construction is a generalization of the doubling con- 
struction for balanced tournament designs (GBTD(n,2)s) [16]. 
Theorem 3.1. If there exist k mutually orthogonal Latin squares of side kn and 
a FGBTD(n, k), then there is a FGBTD(nk, k). 
Proof. Let V be a set of cardinality nk. Let Vi = V x (i}. For notational convenience, if 
aE V, we write UiE Vi. Let W= UfIJ Vi. 
Suppose G is a FGBTD(n,k) defined on V. The factors of row i of G are 
Fii,Fiz, ...y F,. For I=O, 1,2 ,..., k- 1, let GI be a copy of G with the elements in 
Fij subscripted with j+l-l(modk) for j=l,2,...,k (i=1,2,...,n). G’ will be the 
following kn x kn - 1 array. 
G’ contains every distinct pair in Vi k- 1 times. Every element in W occurs at most 
once in each row of G’, and every element in W occurs precisely once in each 
column of G’. 
Suppose Li is a Latin square of side kn defined on Vi and that LO, L1, Lz, . . . , Lk _ 1 is 
a set of k mutually orthogonal Latin squares of side kn. Let L be the array of k-tuples 
formed by the superposition of LO,L,,...,Lk-l, L=LO~L1~Lz~~~~~Lk_l. 
We now construct a kn x k’n- 1 array as follows. 
G=[G’ L L...L] 
L J 
k-l 
G is defined on W. Every element of W occurs precisely once in each column of G. 
Every element of W occurs at most k times in each row of G. The blocks contained in 
G form a (k2n, k, k - l)-BIBD. This verifies that G is a GBTD(nk, k). It is easy to check 
that it is also factored. 0 
We note that this construction cannot be used to produce designs with 
Property C (or PGBTDs). 
The next construction is a singular direct product for GBTDs. It generalizes the 
direct product for BTDs. 
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Theorem 3.2. If there exists a GBTD(n, k) with Property C, a GBTD(m, k) and a set of 
k mutually orthogonal Latin squares of side m, then there is a GBTD(mn, k). 
Proof. Let V be a set of cardinality nk. Let G be a GBTD(n, k) with Property C defined 
on K Suppose the column of deficient k-tuples of G is C=(C1, Cz, . . . . C,)T. We can 
write G in the following form. 
G= m }n 
WV 
nk-k k-l 
Let L’, L’, . . . . Lk be a set of k mutually orthogonal Latin squares defined on 
M={1,2, . ..) m}. Li will be the array formed by replacing each element a in L’ by a,. 
L x,II,..xI will denote the array of k-tuples formed by superimposing L&, L&, . . . . L:,, 
L X, XI...& = Li, 0 LZ, o...oL:,. We will also need n copies of a GBTD(m, k). Let Gi be 
a GBTD(m, k) defined on M x Ci. 
We construct an nm x nmk- 1 array as follows. Let B’ be the nm x k(n - 1)m array 
formed by replacing each block x1 x2.. .xk in G’ with the m x m array LX,X2,, 
following array. 
.XI. B is the 
B= 
B is an nm x (nmk-mk+mk - 1) array defined on M x V. Every element of M x V 
occurs precisely once in each column of B. Every element of M x V occurs at most 
k times in each row of B. It is straightforward to verify that the blocks in B form an 
(nmk, k, k- l)-BIBD on M x V. Thus, B is a GBTD(mn, k). 0 
It is easy to verify that the direct product preserves Property C as well as the 
structure of factored and partitioned GBTDs. 
Corollary 3.3. Zf there exists a GBTD(n, k) with Property C, a GBTD(m, k) with 
Property C and a set of k mutually orthogonal Latin squares of side m, then there is 
a GBTD(nm, k) with Property C. 
Corollary 3.4. Zf there exists a FGBTD(n, k) with Property C, a FGBTD(m, k) 
and a set of mutually orthogonal Latin squares of side m, then there is a 
FGBTD(mn, k). 
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Corollary 3.5. If there exists a PGBTD(n, k) with Property C, a PGBTD(m, k) and a set 
of k mutually orthogonal Latin squares of side m, then there is a PGBTD(mn, k). 
There is also an indirect product construction for GBTDs. This construction uses 
incomplete orthogonal arrays, lA(n, k, s)s. 
Let V be a finite set of size n. Let K be a subset of V of size k. An incomplete 
orthogonal array IA(n, k, s) is an (n’ - k’) x s array written on the symbol set V such 
that every ordered pair of I/x V-(K x K) occurs in any ordered pair of columns from 
the array. An IA(n, k, s) is equivalent to a set of s-2 mutually orthogonal Latin 
squares of order n which are missing a subsquare of order k. We need not be able to fill 
in the k x k missing subsquares with Latin squares of order k. 
Since the proof of the indirect product construction is similar to the proof of the 
direct product, we omit it. 
Theorem 3.6. Zf there exists a GBTD(n, k) with Property C, a GBTD(m, k) which is 
missing us a subarray a GBTD(I, k), a GBTD(nl, k) and an ZA(m, 1, k + 2), then there is 
a GBTD(nm, k). 
The indirect product also preserves the structure of several types of GBTDs. 
Corollary 3.7. Zf there exists a GBTD(n, k) with Property C, a GBTD(m, k) with 
Property C which is missing as a subarray a GBTD(1, k) with Property C, a GBTD(nl, k) 
with Property C and an IA(m, 1, k + 2), then there is a GBTD(nm, k) with Property C. 
Corollary 3.8. Zf there exists a FGBTD(n, k) with Property C, a FGBTD(m, k) which 
is missing a FGBTD(l, k), a FGBTD(nl, k) and an ZA(m,l, k+2), then there is 
a FGBTD(mn, k). 
Corollary 3.9. If there exists a PGBTD(n, k) with Property C, a PGBTD(m, k) which 
is missing a PGBTD(1, k), a PGBTD(nl, k) and an ZA(m, 1, k-t2), then there is 
a PGBTD(mn, k). 
The next construction is one of the main recursive constructions for existence 
proofs for GBTDs [8,9,13]. The construction requires the existence of 
a GBTD(n + 1, k) with Property C which contains a partitionable transversal T. 
Let B be a GBTD(n+ 1, k) with Property C which is defined on 
bull,, 002, . ..> 00~). We will write B in the following form. 
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where c~={co~,co,,..., 00~). Consider the blocks of B as ordered k-tuples. Suppose 
T is a collection of kn k-tuples of A so that 
(i) every element of V occurs precisely once in thejth position of a k-tuple in T for 
j=1,2 , .,.,k, and 
(ii) no two k-tuples in T occur in the same column of A. 
If we can partition the k-tuples of T into k sets of n k-tuples, T1, T,, . . . , Tk, such that 
every element of V occurs precisely once in Ti and the k-tuples in Ti occur in n distinct 
rows of A, then T is called a partitionable transversal of B. Let Tji be the k-tuple in Ti 
which occurs in row j of A. A transversal T of a FGBTD(n + 1, k) with Property C is 
called partitionable if in addition to the properties listed above, for j = 1,2, . . . , n the set 
{Tjr> Tj2, ...) Tjk} forms a set of distinct representatives for the factors in row j: 
Fj1, Fjz, . . . . Fj,. We can use the starter-adder construction to produce GBTDs and 
FGBTDs with partitionable transversals. In particular, any k-tuple in {& + r, . . . , B,} 
which contains no differences congruent to 0 modulo k in s’ of a starter-adder pair for 
a GBTD(n+ 1, k) (or a FGBTD(n+ 1, k)) with (n, k)= 1 will generate a partitionable 
transversal. 
Suppose B is a PGBTD(n+ 1, k) with Property C which is defined on 
~U{~1,coz, ..” 03~1. We write B in the following form. 
B= A, A, . . . A, C C . . . C 
RI R2 . . . Rk co co . . . co 
where so = { coi, coz, . .., cok} and the arrays [$ 21 form the partitioning of B. 
A transversal of B is called partitionable if in addition to the properties listed above, 
the k-tuples of Ti are all contained in Ai for i = 1,2, . . , k. The starter-adder construc- 
tion can be used to find examples of PGBTDs with partitionable transversals. 
A k-tuple in {&+r, . . . . B,) which contains no differences congruent to 0 modulo k in 
s’ of a starter-adder pair for a PGBTD(n + 1, k) with (n, k) = 1 will generate a par- 
titionable transversal. 
Theorem 3.10. Suppose there exists 
(1) a GBTD(n+ 1, k) with Property C which contains a set of w partitionable 
transversals T’, T2, .,. , T”, 
(2) a set of k mutually orthogonal Latin squares of side m, 
(3) IA(m+lj,lj,k+2) where CJ”‘, lj=l, 
(4) a GBTD(m,k), and 
(5) a GBTD(m + 1, k). 
Then there is a GBTD((n + 1)m + 1, k). Furthermore, if the GBTDs in (l), (4), and (5) 
are factored or partitioned, then the resulting GBTD((n + 1)m + 1, k) will be factored or 
partitioned respectively. 
Proof. Let B beaGBTD(n+l,k)with Property Cdefinedon V’~{co~,co~,...,~~} 
which has a set of w partitionable transversals, T’, T2, . . . , T”. The column of deficient 
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k-tuples for B will be denoted by 59 : % = [C, , Cz, . . . , C,+ 1]T where Ci occurs in the ith 
rowofBandC,+,={col,oOz ,..., ~0~). We will need some additional notation for the 
blocks which occur in the partitions of T”, T;, T”,, . . . , Ti. Let &j be the block (k-tuple) 
of Tj which occurs in row i of B and let bf be the block of T” which occurs in column 
i of B. We recall that the blocks of B are considered as ordered k-tuples so that every 
element of V occurs precisely once in position j of a k-tuple in TS for j = 1,2, . . . , k. 
LetM={l,2 ,..., m}.LetL,,L, ,..., Lk be a set of k mutually orthogonal Latin squares 
of side m defined on M. L will be the array of k-tuples formed by the superposition of 
L,LZ,‘.., L, L=L1°J520~~~oL. J&cI...,, will denote the array formed by replacing 
each k-tuple (yl, y2, . . . , yd in L with the k-twle (O1l,~Ib (y2,x2), . . ..f.y~.xd). 
We use an IA(m+ lj, Zj, k +2) to construct a set of k mutually orthogonal Latin 
squares, Nj(Xl), Nj(X2), . . . . Nj(Xk), which are missing subsquares of order lj. (The 
subsquares of order lj need not exist.) We define Nj(xi) on the set (M x {Xi})uSij 
where 1 Pijl= lj and bij = U t= 1 Ccijk. The missing subsquare of Nj(xi) of order lj is 
defined on the set fiij. Let Nj(xl,~z, . . . . x,J be the array of k-tuples formed by the 
superposition Of Nj(X,),Nj(X2),...,Nj(X~),Nj(X~,X2,...,X~)=Nj(X~)‘.“‘Nj(X~). 
Nj(xl,X2, **.3 x,J can be written in the following form. 
where X=(x1,x2, . . . . x,J. 0 is an empty array of side lj, Dj(X) is a square array of side 
m, Ej(X) is an m x lj array and Fj(X) is an lj x m array. 
Let Bi be a GBTD(m,k) defined on MXCi for i=l,2,...,n. Let B,+l be a 
GBTD(m+I,k)definedon(MxC,+l)u(BijIi=1,2,...,k,j=1,2,...,w).(Ipiil=lifor 
each i and 1;’ 1 lj = I.) 
Let W=(Mx(VU{a, ,..., ~k}))u{/?ijli=l,2 ,..., k, j=1,2 ,..., w}. We will con- 
struct a GBTD((n + 1)m + 1, k) defined on W. We first replace each block (an ordered 
k-tuple) (x1, x2, . . . . xk) in B which does not belong to Vu (Tl, T2, . . ., T”} with the 
m x m array LX,,,,, . . . . +. Next we replace each (ordered) k-tuple (x1, x2, . . . , xk) in T” 
with the m x m array D,(X), 1 dsd w. We delete k-2 of the columns $7 in B and then 
replace the k-tuple Ci in the remaining copy of 55’ with the m x km- 1 array Bi for 
i=l2 , , . . . , n. The resulting array G1 is an array of size (n + 1)m x (n + 1)km - 1. Note 
that Gi contains an empty subarray of size m x mk - 1 in the lower right-hand corner. 
We will add I new rows to Gi and kl new columns to Gr. 
G2 will denote the 1 x (knm) array of rows to be added to G1. G2 is of the following 
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G3 will be the array of kl new columns to be added to G1. G3 has the following form. 
5 klj=kl 
j=l 
We construct a new array G4 using Gr, Gz, and Gs. 
UUU 
knm km-l kl 
G4 is an (n + 1)m + 1 x (n + 1) km + kl- 1 array which contains an empty subarray of 
size (m + 1) x (k(m + 1) - l), B. Place B,, 1 in the array d in Gq. The resulting array G is 
a GBTD((n+ l)m+l, k) defined on IV. Every element of W occurs once in each 
column of G and at most k times in each row of G. Every distinct unordered pair in 
W occurs k- 1 times in G. 
If the GBTDs used in the construction are factored or partitioned, their factors or 
partitions can be used to produce factors or partitions of the resulting GBTD, G. 0 
4. Frame constructions 
The constructions in this section use various types of frames and sets of orthogonal 
partitioned incomplete Latin squares. In order to describe these constructions, we 
need several definitions. 
Let V be a set of u elements. Let G,, Gz, . . . . G, be a partition of V into m sets. 
A (Gl,Gz, . . . . G,}-frame F with block size k, index A, and latinicity ~1 is a square array 
of side u which satisfies the properties listed below. We index the rows and columns of 
F by the elements of V. 
(1) Each cell is either empty or contains a k-subset of V. 
(2) Let Fi be the subsquare of F indexed by the elements of Gi. Fi is empty for 
i= 1,2, . . . ,m. (The Fi’S are often called the holes of the frame.) 
(3) Let jEGi. Row j of F contains each element of V- Gi p times and column j of 
F contains each element of V-GGi p times. 
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(4) The collection of blocks obtained from the nonempty 
a GDD(v;k;G1,Gz,..., Gk; O,n). (See [18] for the notation for 
designs (GDD).) 
cells of F is 
group divisible 
We will use the following notation for frames. If 1 Gil = h for i= 1,2, . . ., m, we 
call F a (CL, A; k, m, h)-frame. The type of a {G,, Gz, . . . . G,}-frame is the multiset 
{IG~l,lGzl,...> l G, I }. We will say that a frame has type t!’ ty . . .tY’ if there are ui Gj’s of 
cardinality ti, 1 < i < 1. 
Let 9 be a set of t (G1,Gz,..., G,)-frames with block size k, index 2, and 
latinicity p, F = {F’, F2, _. . , F’). Let F be the superposition of F’, F’, . . . . F’, 
F=F’oF20 . ..oF’. Suppose F satisfies the following properties: 
(1) Let F, be the subsquare of F indexed by the elements of Gi. Fi is empty for 
i=l,2 ,..., m. 
(2) Each cell of F contains at most one block of size k. 
Then F is called a set of t-complementary { Gi, G2, . . . , G,}-frames. More briefly, 
we say that there exists a t-complementary { Gi , G2, . . . , G,}-frame. It is easy to see 
that 1 <t< k. Let jEGi. Since each frame uses ~(u-1 Gil)/k cells of row j, we have 
tp(u-lGi))/k<v-IGiI or t<k/p<k. (A l-complementary {G1,G2,...,G,}-frame is 
just a {G1,G2, . . . . G,}-frame.) 
Various types of 2-complementary frames have been studied; these frames are 
usually called complementary frames. Sets of t-complementary frames for t > 2 were 
introduced in [6] and results and applications can also be found in [6]. 
Let F be a k-complementary (1, k - 1; k, m, k)-frame. Suppose F is a 
{Gr,Gz, . . . . G,}-frame, and let Ri denote the ith row of F. We say that F is in standard 
form if rows Ri+lyRi+zy...yRi+k are indexed by the elements of Gci/k+ 1J for 
i = 0 (mod k), 0 < i < mk - k. F is called k-row complementary if we can construct a set 
of k-complementary frames F’ , F2, . . . , Fk from F as follows. Let F’ = F. The k rows of 
Fj indexed by the elements of Gl are Rk(l-l)+j,Rk(l-l)+j+l,...,Rk(l-l)+k, 
Rk~~-1)+1,...,Rk~~-1)+j-l for l=l,2,..., m (i.e. the complements of F are constructed 
by permuting the rows of F indexed by the elements of G,). 
Let F be a k-row complementary frame. We will say that F is partitionable if F can 
be written in the following diagonal form. Mi is a square array of side m for 
i=l 2 , ,***, k. 
F= 
Mk 
The constructions also use sets of mutually orthogonal partitioned incomplete 
Latin squares (OPILs) or sets of mutually orthogonal column partitioned incomplete 
Latin squares. Let P= {S,, S2, . . . . S,} be a partition of a set S (m>2). A partitioned 
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incomplete Latin square, having partition P, is an 1 SI x 1 SI array L, indexed by the 
elements of S, satisfying the following properties: 
(1) A cell of L either contains an element of S or is empty. 
(2) The subarrays indexed by Si x Si are empty for 1 < id m. 
(3) Let FESS. Row j of L contains each element of S - Si precisely once and column 
j of L contains each element of S - Si precisely once. 
The type of L is the multiset { I S1 1, ) S2 1, .. . , IS,/}. If there are Ui Sj’s of cardinality ti, 
1 <i<k, we say L has type t’i’ty...t;*. 
Suppose L and M are a pair of partitioned incomplete Latin squares with 
partition P. L and M are called orthogonal if the array formed by the superposition of 
L and M, L 0 M, contains every ordered pair in S x S - uy= 1 (Si x Si) precisely once. 
A set of n partitioned incomplete Latin squares with partition P is called a set of 
y1 mutually orthogonal partitioned incomplete Latin squares of type 
~IS1I?IS21?~~~~ I&l} if each pair of distinct squares is orthogonal. 
Let P={S1,Sz, . . . . S,} be a partition of a set S (m> 2) where I Si( = t for all i. 
A column partitioned incomplete Latin square, having partition P, is an I S I x IS I array 
L, indexed by the elements of S satisfying the following properties: 
(1) A cell of L either contains an element of S or is empty. 
(2) The first t columns of L are empty. 
(3) Let jESi. Row j of L contains each element of S-Si precisely once. 
(4) Let t < j < I SI. Column j of L contains every element of S precisely once. 
The type of L is P. 
Suppose L and M are a pair of column partitioned incomplete Latin squares with 
partition P. L and M are called orthogonal if the array formed by the superposition of 
L and M, L 0 M, contains every ordered pair in S x S - UT= 1 (Si x Si) precisely once. 
A set of n column partitioned incomplete Latin squares with partition P is called a set 
of n mutually orthogonal column partitioned incomplete Latin squares of type tm if 
each pair of distinct squares is orthogonal. 
We are now in a position to describe the first frame construction for GBTDs. It is 
a generalization of the frame construction for BTDs in [12,13]. 
Theorem 4.1. If there exists a k-complementary (G,, Gz, . . . . G,}-frame (ma2) 
with block size k, index k-l, and latinicity 1, a set of k orthogonal partitioned in- 
complete Latin squares with partition { G1, Gz, . . . , G,) and GBTD( I Gi I + 1, k) 
which contain as subarrays GBTD(l, k) for i= 1,2, . . . , m, then there is a 
GBTD((Cy=l IGil)+l,k). 
Proof. Let 
v= (J Gij where IGijI=IGil forj=1,2,...,k. 
!=1,2,...,m 
j=1.2 k >...3 
Let Vi= U!= 1 G, and let Wj= ur=i G,. 
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Let F1,F,, . . . . F, be a set of k-complementary frames of type { 1 Gi I,1 Gz 1, . . . ,I G,l } 
where Fj is a {G,j, G,j, . . . . G,,,j}-frame defined on Wj. F will denote the array of 
k-tuples formed by the superposition of the k frames F1, F,, . . . , Fk, 
F=F,~F,~...,JF,. F is a square array of side Cy= 1 I Gi I defined on V with a diagonal 
of empty arrays of size I G, 1, I G2 1, . . . , I G,J . 
Let L1,L,, . . . . Lk be a set of k orthogonal partitioned incomplete Latin squares 
of type {lG~l,lGl, . . . . lG,l}. Suppose Lj is defined on Wj with partition 
{Gij, G,j, *.a> G,j}. Let L denote the array of k-tuples formed by the superposition of 
the k OPILS, L=L,oL20..~ 0 Lk. L is a square array of side Cy= i I Gil defined on 
V with empty arrays of size ( I Cl 1, I G2 1, . . . , I G,I } on its diagonal. 
Let Bi be a GBTD(lGil+l,k) defined on I’iU{ai,~2,...,xk} which contains 
a GBTD(l,k) defined on {cI~,cI~, . .. . Q}. For notational convenience, let a represent 
the k-tuple {c.Q,cI~, . .. . c(k). Bi can be written in the following form. 
0; Df . . . of-’ 0; cl c: ... Cl-’ 3 IGil 
Bi= Rf Rf . . . Rf-’ Rf a z . . . LY > 1 
We now construct a GBTD(Cy=“=, lGil + 1, k) defined on Vu (~11, ~2,. . ., Q} from F, 
k-l copies of L and the GBTDs B1,B2 ,..., B,. B is a ((~~1lGil)+l)X 
((kCy=“=, IGiI)+k-1) array and has the following structure. 
0: 0: . . . 0: c: . . . p-1 
0: F DI L D”2 L c; . . . c”,-’ 
Dl!l DZI D”, d; . . . &-1 
R; R; R; R: R$ Rii ... R; R; R; a ... o! 
Every element in Vu {c~i, ct2, . . . , c$} occurs precisely once in each column of B and 
at most k times in each row of B. The deficient k-tuples of B are the deficient k-tuples 
of the subdesigns B, , B2, . . . , B,. Every distinct unordered pair {x, y}, where XeGlj, 
~EG,,~ and I # n, occurs k - 1 times in the frame Fj in F. Every distinct unordered pair 
{x,y}, where XEG~~, y~G,,j, 1 #n and i#j, occurs once in each copy of L and thus k- 1 
times in B. Finally, each distinct unordered pair in Vi u {tll, a2, . . . , c(k) occurs k - 1 
times in the subdesign Bi of B. This verifies that B is a GBTD(Cy= 1 I Gil + 1, k) defined 
on VU{C(~,CI~, . .. . CQ}. 0 
It is clear that this construction will preserve Property C. As the next two 
corollaries state, Theorem 4.1 can also be used to produce factored and partitioned 
GBTDs. 
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Corollary 4.2. If there exists a k-complementary {G,, Gz, . . . , G,}-j?ame (m>2) with 
block size k, index k- 1 and p= 1, a set of k orthogonal partitioned incomplete Latin 
squares with partition { G1, G,, . . . , G,} and FGBTD( IGil + 1, k) which contain US 
subarrays GBTD(l,k)for i=l,2, . . ..m. then there is a FGBTD(Cy=“=, jGi(+l, k). 
Corollary 4.3. If there exists a k-complementary {G,, Gz, . . . . G,} -frame (m>2) with 
block size k, index k- 1 and ,u= 1, a set of k orthogonal partitioned incomplete Latin 
squares with partition { G1, GZ, . . . , G,} and PGBTD( 1 Gil + 1, k) which contain US subar- 
rays GBTD(l,k)for i=1,2,...,m, then there is a PGBTD(C~EIIGGiI+l,k). 
The next result combines the direct product (Theorem 3.2) and the frame construc- 
tion of Theorem 4.1. Since the proof is similar to the proofs of Theorems 3.2 and 4.1, 
we omit it. 
Theorem 4.4. Zf there exists a k-complementary {G,, Gz, . . , G,}-frame (m 3 2) with 
block size k, index k- 1 and p= 1, a set of k orthogonal partitioned incomplete Larin 
squares with partition {G,, GZ, . . . , G,}, a set of k mutually orthogonal Latin squares 
of side n and GBTD(nlGil+ 1, k) which contain US subarrays GBTD(1, k) 
for i=l,2,...,m (FGBTD(nIGil+i,k) or PGBTD(nl Gil + 1, k)), then there exists 
u GBTD(n CyzI IGil + 1, k) (FGBTD(n CyEI IGil + 1, k) or PGBTD(n CyzI IGil + 1, k) 
respectively). 
Column partitioned incomplete Latin squares can also be used together with 
k-complementary frames to produce GBTDs. 
Theorem 4.5. If there exists a k-complementary (1, k- 1; k, n, t)-j?ame, a set of k 
mutually orthogonal column partitioned incomplete Latin squares of type t” and 
a GBTD(t, k), then there is a GBTD(tn, k). 
Proof. Let 
v= u Gij where I Gijl= t. 
,=1,2 ,.... n 
,=I,2 ,..., k 
Let Vi= U$= 1 Gij and let Wj= Uy= 1 G,. 
Let F1,F,, . . . . F, be a set of k-complementary (1, k- 1; k, n, t)-frames of type t” 
where Fj is a {G,j,G,j, . . . . Gnj}-frame defined on Wj. F will denote the array of 
k-tuples formed by the superposition of the k frames F1, F,, . . . . F,, 
F=F, 0 F20...o Fk. Note that F is a square array of side tn defined on V which has 
a diagonal of n t x t empty arrays. 
Let L1, L,, . . . , Lk be a set of k mutually orthogonal column partitioned incomplete 
Latin squares of type t” where Lj is defined on Wj with partition {GIj, Gzj, . . . , G,j). 
Let L’ denote the array of k-tuples formed by the superposition of L1, LZ, . . ., L,, 
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L’=L1oL1o... 0 Lk. L’ with the first t (empty) columns deleted will be denoted by L. 
L is a tn x (tn - t) array which contains no empty cells. 
Let Bi be a GBTD(t, k) defined on Vi for i= 1,2, . . . , n. Bi can be written in the 
following form. 
Bi=(} t 
We now construct a GBTD(tn, k) B defined on V using F, k- 1 copies of L and 
the Bi’s. 
B= 
B is a tn x tnk- 1 array defined on V. Every element in V occurs precisely once in 
each column of B and at most k times in each row of B. Every distinct unordered pair 
{x,y}, where XIZG,~, y~G,,,j and Ifm, occurs k- 1 times in the frame Fj in F. Every 
distinct unordered pair {x, y}, where X~Glj, y~G,i, 1 #n and i #j, occurs once in each 
of the k- 1 copies of L. Finally, each distinct unordered pair in Vi occurs k- 1 times 
in Bi. Thus, we have verified that B is a GBTD(tn, k). q 
If all of the subdesigns Bi in Theorem 4.5 have Property C, then the GBTD(tn, k) 
will also have Property C. This construction can also be used to produce FGBTDs 
and PGBTDs. 
Corollary 4.6. If there exists a k-complementary (1, k- 1; k, k, n, t)-j?ame, a set of k 
mutually orthogonal column partitioned incomplete Latin squares of type t” and 
a FGBTD(t, k), then there is a FGBTD(tn, k). 
Corollary 4.7. Let k 2 3. If there exists a k-complementary (1, k - 1; k, n, t)-frame, a set of 
k mutually orthogonal column partitioned incomplete Latin squares of type t” and 
a PGBTD(t, k), then there is a PGBTD(tn, k). 
Proof. The GBTD(tn, k) will be partitionable if B contains at least two copies of L. 
This gives us the restriction that k>2. 0 
The next lemma is an application of Theorem 4.5 with t = 1. Since there are often 
algebraic constructions for k-complementary (1, k - 1; k, n, 1)-frames [6], this provides 
a fairly simple construction for PGBTD(n, k)s. 
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Lemma 4.8. Let k 2 3. If there exists a k-complementary (1, k - 1; k, n, l)-frame and a set 
of k mutually orthogonal Latin squares of side n, then there is a PGBTD(n, k). 
Theorem 4.5 can also be combined with the direct product. 
Theorem 4.9. Zf there exists a k-complementary (1, k- 1; k, n, t)-frame, a set of k 
mutually orthogonal column partitioned incomplete Latin squares of type t”, a set of 
k mutually orthogonal Latin squares of side m and a GBTD(tm, k) (FGBTD(tm, k) or, 
for k 3 3, PGBTD(tm, k)), then there is a GBTD(tmn, k) (FGBTD(tmn, k) or, for k 3 3, 
a PGBTD(tmn, k) respectively). 
The last constructions in this section use k-row complementary frames. Special 
cases of this construction were used for block size k=2 and PGBTDs in [12]. 
Theorem 4.10. If there is a k-row complementary (1, k- 1; k,m, k)-frame, a 
GBTD(n+ 1, k) which contains as a subarray a GBTD(l, k) and a set of k mutually 
orthogonal Latin squares of side n, then there is a GBTD(mn + 1, k). 
Proof. Let V=Ur=r Gi where ]GiI=k, and let N={1,2,...,n}. 
Let F be a k-row complementary (1, k- 1; k, m, k)-frame defined on V. F will be 
a (Gr,G,, . . . . G,}-frame written in standard form. Let Si be the 1 x km array formed 
by superimposing the k rows in F which are indexed by Gi. S will be the m x km array 
constructed as follows. 
Let Nr, N2, . . . . Nk be a set of k mutually orthogonal Latin squares of order 
n defined on N. Let L be the array of k-tuples formed by the superposition of 
NI,Nz, . . . . N,, L=NI oN~o...oN~. Lx,xz...xk will denote the n x n array formed by 
replacing each k-tuple (aI, a2, . . . , ak) in L with the k-tuple ((a,, x1), . . . . (ak, xk)). 
Let Bi be a GBTD(n + 1, k) defined on (N x Gi) u {cI~, c(~, .. . , Q} which contains as 
asubarrayaGBTD(1,k)definedon{cc,,cc2,..., c(~}. Bi can be written in the following 
form where c( denotes the set {c~r,c(~, . . .. Q}. 
B1= 
Ai Gil Ci2 ... Ci,k-1 } n 
Ri c( a . . . a } 1 
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WenowuseStoconstructaGBTD(mn+l,k)definedon(Nx V)U{CI~,CQ,...,C(~}. 
We first replace each k-tuple (x1, x2, . . . , xk) in S with the n x n array L,, *l.,,XI. Next we 
replace the 1 x k empty array in row i+ 1 and columns ki+j, j= 1,2, . . . , k 
(i=O, 1, . ..) m-l), with the n x kn array Ai+l. Let B’ denote the resulting mn x kmn 
array. We add a new row [RI R2 . . . R,] and k- 1 new columns 
CC11 c21 ... Cd dT,...,CG,k-I G./c-1 ... Cm,k_ 1 czlT to B’. The resulting array 
B has the following form. 
I I \ I 
* Y 
kmn k-l 
It is straightforward to verify that B is a GBTD(mn+ 1, k) defined on 
(Nx V)u{ar,az ,..., &}. 0 
It is easy to check that this construction will preserve Property C. It can also be 
used to produce FGBTDs. 
Corollary 4.11. If there is a k-row complementary (1, k- 1; k,m, k)-j?ame, a 
FGBTD(n + 1, k) which contains as a subarray a GBTD(l, k) and a set of k mutually 
orthogonal Latin squares of side n, then there is a FGBTD(mn + 1, k). 
If we require that the k-row complementary frame be partitioned, we can use 
Theorem 4.10 to find PGBTDs. 
Corollary 4.12. If there is a partitioned k-row complementary (1, k - 1; k, m, k)-frame, 
a PGBTD(n + 1, k) which contains as a subarray a GBTD(l, k) and a set ofk mutually 
orthogonal Latin squares of side n, then there is a PGBTD(mn + 1, k). 
5. Summary 
We have described several constructions, both direct and recursive, for generalized 
balanced tournament designs. Recursive constructions together with the direct con- 
structions can be used to produce infinite classes of GBTDs. In particular, these 
constructions were used to determine the spectrum of GBTDs with block size 3 in [S]. 
Additional constructions for PGBTD(n,3)s can be found in [9]. We also note that 
since many of these constructions are generalizations of results for PBTDs, [ l l-13,3] 
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contain applications in the simplest case k = 2. Some applications of the constructions 
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